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Abstract. In this note we prove that, for a finite semigroup S, the dual 
Cayley automaton semigroup C*(S') is finite if and only if S is W-trivial and 
has no non-trivial right zero subsemigroups. 
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1. Introduction & Main Theorem 

P^ ' In a recent paper [S], Silva & Steinberg for any finite semigroup S define the 

rn , Cayley automaton C{S) associated with S: its state set is S; the alphabet, on 

which the states act, is S; and when C{S) is in state s and reads symbol x, it moves 
to the state sx and outputs the symbol sx. In other words, this is the automaton 
obtained from the Cayley graph of S, specifying the output symbol on the arc, 
going from s and labeled by x, to be sx. 

As to every automaton, to the automaton C{S) we can associate its automaton 
semigroup C{S), i.e. the transformation semigroup on infinite sequences S'°°, gen- 
^ ' erated by states s & S viewed as the correspondent transformations of S°°. In [B] 

On , Silva & Steinberg prove the following 

(N 

OO ' Theorem 1.1. Let G he a finite non-trivial group. Then C(G) is a free semigroup 

'sf \ of rank \G\. 

^— V . The author and Alan Cain after reading FB] decided to study semigroups C(5) 

QQ ' in more details. In [T] we characterized when C(5) is free, commutative, trivial, a 

^^ . left or a right zero semigroup. But the most interesting result we obtain in \V\ is: 



Theorem 1.2. Let S he a finite semigroup. Then C{S) is finite if and only if S 

is 7i -trivial. 
}_j ' 
C^ ■ The sufficiency of Theorem 11.21 was proved in a recent work [4] . While the 

author and Alan Cain where preparing [Tj, we did not know about the work [?]. 
The sufficiency of Theorem 11.21 is the harder bit of this result. We provided in [T] 
two different proofs of sufficiency of Theorem 11.21 using the method of actions on 
sequences and using the method of wreath recursions. These two approaches and 
the method from [4] are all different in their realizations but bear the same spirit: 
the aim was to find an ultimate constant N such that any product of states from 
C{S) of length N can be reduced to a shorter word. 

Now, if in the Cayley graph of a finite semigroup 5, instead of the output symbol 
sx we put the symbol xs, we arrive at the dual Cayley automaton C*{S): the state 
and alphabet sets being S and when C*{S) is in state s and reads symbol x, it 
moves to the state sx and outputs the symbol xs. 

Denote by C*{S) the automaton semigroup generated by the automaton C*{S). 
The main result of the note is 
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Theorem 1.3. Let S be a finite semigroup. Then C*(S) is finite if and only if S 
is Ti-trivial and does not contain non-trivial right zero sub semigroups. 

We prove Theorem 11.31 in Section [31 The way we do it differs from the way of 
proving Theorem 11.21 there wiU be no need to deal with 'long' words and trying 
to reduce their lengths. The author hopes to exhibit the power of the method of 
wreath recursions. 

Before we start the proof, in the next section we give all the auxiliary notation 
and lemmas we will need. 

2. Auxiliary Lemmas 

In order to distinguish the states and symbols in C*{S), we will write s to denote 
the state correspondent to s G 5. If S* = {si, . . . , s„}, it is convenient to realize s 
via the wreath recursion (see [Sj): 

s = Ps(ssr, . . . ,'ss:^), 

where ps : S —>^ S, given by a; i— > xs, corresponds to the action of s on the symbols 
5, and sli is the state where s moves after reading the symbol s^. 

If cc G S" and a g C*(S') then by q{a,x) we will denote the state, to which a 
moves after reading x d S. The transition function of a on 5' we will denote by 
T{a). So, T{a) : S —>■ S and for all a; e 5, xT{a) is the symbol which outputs C*{S), 
reading x in the state a. By definition, for all ai, . . . , aj,, a; e 5, we have 

(2.1) q{aT- ■ -Ok^x) = a^x ■ 02x01 • • ■ auxai ■ ■ ■ Ok^i- 

Also the corresponding transition function rioi- ■ -lik) is pa^ ■ ■ ■ pa^ = Pa^-.-ak- 

Lemma 2.1. Let S be a finite semigroup. Then for all s,t ^ S, s — t in C*{S) if 
and only if ps = pt- 

Proof. Let s^t G S. Then s = t if and only if ps = pt and 'sx = tx for all a; G S. 
Recursing the latter, we obtain that s = t if and only if pg = pt and psx — Ptx for 
all X ^ S. It remains to notice that if ps = Pt, then psx — Ptx for all x & S. D 

In the following three lemmas we collect some information about C*{S) for 
specific types of S. 

Lemma 2.2. Let G be a non-trivial finite group. Then C*{G) is infinite. 

Proof. Take any non-identity element a ^ G. Then H = (a) is a non-trivial com- 
mutative group. Obviously the restrictions of the action of the state h, h € H, to 
H°°, is the same as the action of h in C*{H). Notice that C{H) = C*{H) and so, 
by Theorem ll.il H is a. free system. Thus C*{G) is infinite. D 

Lemma 2.3. Let L be a finite left zero semigroup and S be a finite semigroup. 
ThenC*{S xL) = C*(5). 



Proof. Let s E S and r,t E L. Then it follows from Lemma [2.11 that {s,r) — (s,i) 
in C*(5' X L). Hence C*{S x L) coincides with T = {(s,ro) : s G 5*} for any fixed 
To G L. It is now easy to check that (s, tq) t— » s gives rise to an isomorphism from 
rontoC*(5). D 

Lemma 2.4. Let R be a finite right zero semigroup with \R\ > 1. Then C*{R) is 
a free semigroup of rank \R\. 

Proof. Let R — {qi, . . . , g„} with n > 1. A direct calculation shows that C*{R) is 
the automaton A of the type: 
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We will prove now that the automaton semigroup generated by the automaton 
A is free of rank n. If A has just read a symbol i, then it has just entered state qi 
and its next output symbol will be i. Thus the action of qi is to send a sequence a 
to ia: the sequence a is shifted right by one symbol and the symbol i is inserted 
at the start. So ii w = qi-^ ■■ ■ qi^ with ij G {1, . . . , ti}, then 

1°° • w = «,„«,„_! •• -12111°° and 2°° • w = i„ji„j_i • • -^2^12°°. 

The common prefix of \°° ■ w and 2°° ■ w thus determines w and so the automaton 
semigroup generated by A is free with the basis R. D 

The following lemma is standard to prove, we include it for completeness. 

Lemma 2.5. Let S be a finite semigroup and let a,b di S . If all a, b and ah belong 
to the same 'D-class of S , then ah S Ra H L^. 

Proof. By 2, Theorem 2.4] we have that LaRb is contained in the same P-class of 
S. Take any element c E Ra H Li,. Then c^Vc. Let /i : 5* — > Tx be any faithful 
representation of S into Tx, the transformation semigroup on X, for some finite X . 
Obviously He is a group 7i-class in S if and only if H^(^f.) is a group 7i-class in 73s:. 
We have that ij,{c) and iJ^ic)"^ = /i(c^) are P-equivalent in Tx- This happen only if 
fi{c)TC^{c)'^ in 73c. So that ^/^(c) is a group and so He is a group in S. Therefore 
cHc^ and so LaDRb has an idempotent. By Clifford-Miller Theorem it now follows 
that ah e RaC\Lb. □ 

3. Proof of Theorem 11.31 

Proof of Theorem, IJ.,?l First notice that the condition that S does not contain non- 
trivial right zero subsemigroups is equivalent to the condition that there are no two 
distinct idempotents e, f £ S such that eTZf. 

(^). Suppose that C*(5) is finite. 

S is 7i-trivial. 

Take any H-class H in S. With the seek of a contradiction, suppose that \H\ > 1. 
LetT = {te S : HtC H}. Then for every t S T, by [1 Lemma 2.21], the mapping 
^t ■ h ^^ ht, h £ H , is a. bijection of H onto itself. The set of all these bijections 
forms the so-called Schiitzenberger group r{H) of H. By [2 Theorem 2.22] we have 
\T{H)\ = \H\. Take arbitrary ti, . . . , ffc e T. Then, by JSl]), for all x e H we have: 



q{ti • ■ • tfc, .x) = tix ■ t2xti ■ ■ ■ tkxti • • • tfc- 



We also have r(ti • • • ifc) — T{ti ■ ■ -tk)- 

Take now 7ti , ■ • ■ , 7*. , 7. G C*(r(F)). Then 
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and r(7^ • • -7^) = T{jt^ ■ ■ -7* J- Notice also that j^ly = "fxy for x,y gT. 

Take t G T and consider the restriction of t to H°° . From the very definition 
of r(iJ), it follows that the mapping t 1^°°'-^ Jt gives rise to a well-defined homo- 
morphism from (i \h'^- t £ T) onto C*{T{H)). By Lemma ^TA it means that (T) 
is infinite. Thus C*(5) is infinite, a contradiction. 

There are no distinct idempotents e, f G S such that eTZf. 

Suppose the converse: that there exist two idempotents e ^ f with eTZf. Then 
{e, /} is a 2-element right zero semigroup. Restricting the action of e and / to 
{e, f}°° yields the automaton C*({e, /}). By Lemma \TM it follows now that (e, /) 
is a free semigroup of rank 2, a contradiction. 

(<^). We will prove by induction on \S\ that if S is 7i-trivial and every its TZ- 
class contains at most one idempotent, then C*{S) is finite. The base case \S\ = 1 
is obvious. Assume that we have proved this for all such semigroups of size < n. 
Take now any semigroup S with the assumption of sufficiency of the theorem such 
that IS*! =n + l. 

Let M be the set of all maximal P-classes in S, and let / be the complement 
of all these P-classes in S. Suppose first that I ~ 0. Then S consists of a single 
P-class and so 5 is a Rees matrix semigroup Ai[G; X, Y; P] for some group G and 
a. Y X X-matrix P = {pyx)Yxx- Since S is 7i-trivial, we have that G = {!}. 
Moreover, by |3j Theorem 3.4.2], we may assume that there exists a column in P 
consisting entirely of the element 1. Since columns in P correspond to 7^-classes 
in S, we obtain that \X\ — 1. So, again by 3, Theorem 3.4.2], it now holds that 

5 = Y is a. left zero semigroup. Then by Lemma [1131 C*(5) is trivial. 

So in the remainder of the proof we may assume that 1^0. Obviously / is an 
ideal in S. We prove that C*{S) — (S) is finite in the following four steps. 

Step 1: (1) is finite. 

It suffices to prove that there are finitely many products i ■ ii ■ ■ ■ ik G (/) for 
any fixed i £ L We have that i ■ ii ■ ■ ■ ik and i ■ ji ■ ■ ■ jVi sue distinct if and only if 
the restrictions oi ii ■ ■ -ik and ji ■ ■ ■ jn on S°°i coincide. Notice that S°°i C J°°. 
Obviously ii ■ ■ ■ ik and ji ■ ■ ■ j„ act on /°° in the same way as the correspondent 
products from C*(/) do. Now the claim of Step 1 follows from the induction 
hypothesis. 

Step 2: T(S)i =luI(S) is finite. 

Take a typical element w = i -oi ■ ■ -Tik £ I{S). Then for all x G 5, we have 



q{i ■ ai ■ ■ ■ ak,x) = ix ■ aixi ■ a2xiai ■ ■ ■ akxiai ■ ■ ■ ak-i- 

Having that / is an ideal in S*, we deduce that q{i • cTf- • -lik^x) G (/}. Therefore, 
having that t{w) = pj ior j — i ■ ai- ■ ■ ak G /, we obtain \I{S)\ < \I\ ■ |(/)|l'^l. Step 
2 now follows immediately. 

Step 3: (S\T) is finite. 

Take ai, . . . , a^ G 5 \ /. For all a; G S", we have 

qx = q{aT ■ ■■ak,x) = W[x ■ a^xal ■ ■ ■ Ukxai ■ ■ -ak^i- 

Obviously, to prove Step 3, it suffices to show that there are only finitely many 
expressions q^ for all ai, . . . , a/j G S \ I and x £ S. Moreover, by Step 2, it even 
suffices to show finiteness of the set Pq of all such expressions qx with additional 
requirement that aix £ S \ I and a2xai G S \ I. (Otherwise a2xai G / and so qx 
comes from the finite set S ■ I{Sy.) 
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Observe that if ai, . . . , a^, a:; do not come from the same D-class from M, for 
some I, then a.ixai ■ ■ ■ ak-i € I- In particular, if aix and ai are not elements from 
the same P-class in M, then aix E I and so q^ G I{^)^- 

So, take x G S such that aix G S\I and a2xai E S\I. Find the maximum num- 
ber m such that aixai ■ ■ ■ ai-i G S \ I for all i < m. Then, by the preceding para- 
graph, all x, fli, . . . , ttm are from the same P-class in M. Now, Um+ixai ■ ■ ■ am G I 
and so, by Step 2, to prove Step 3, it suffices to prove finiteness of the set Pi C Pg: 

Pi = {oix ■ 02x01 ■ ■ ■ OkXOi ■ ■ ■ Ok-i I Oixai ■ ■ ■ fli-i £ S \ I for all i < k}. 

Take a typical product Hix ■ 02XO1 ■ ■ ■ OkXOi ■ ■ ■ Ok-i € Pi ■ Then as we discussed 
above, a;,ai, . . . ,afc € D for some P-class D from M. Moreover, oix, . . . ,OkX G 
D. Hence by Lemma [2.51 and Miller-Clifford Theorem, we have that each Ti-class 
Laj n Rx, ■ ■ ■ , Lat. n Rx contains an idempotent. Then, by hypothesis, oiC- • ■ Cok. 
Now, for all « < fc — 1, we have OiOi+i G D and so La^ H Rai^i contains an 
idempotent. Having that OiCoi^i and by 7Y-triviality, we deduce that a^+i is an 
idempotent. Then ai — aia2 — ■ ■ ■ — oi ■ ■ ■ Ok-i- Hence 



Qx = ciix ■ a2a;ai ■ • • a^xai ■ ■ ■ a^-i = aix ■ 02XO1 ■ ■ ■ o^xoi. 

Finally, aix € D and so xai, being the unique element oi La-^DRx, is an idempotent. 
Then for all 2 < * < fc, OiCaiCxai, and since Oi is an idempotent, we obtain that 
Oixai = Oi. Therefore Qx = aTa; ■ 02 • ■ ■ Ofe. Recall also that a2,...,Ok are C- 
equivalent idempotents. 

So that, to establish Step 3, it suffices to prove finiteness of the set 

P2 = {oT' • • flfc I ai, . . . ,ak are C — equivalent idempotents from 5* \ /}. 

Take a typical product oT • • • Ofe G ^2 • Let a; G 5 be arbitrary and let qx = 
qijii ■ ■ ■ 'ok, x). Then qx = oia; • 022:01 • • • a^xoi. Consider now the following three 
cases: 

Case 1: (aia;,oi) ^ V. 

Then, as above, there are only at most fci = \I{S)^\ many such qx-s.- 

Case 2: oi-tPoi but (aia:,ai) ^ C. 
Let y £ S he arbitrary. Then 

qx,y = qiqx,y) = Wxy ■ 02X0iyaix ■ 03XOiyaixa2XOi ■ ■ ■ . 

We will prove that if fc > 2, then a3XOiyaixa2XOi G /. Suppose the converse. 
Then 03a;oiyaia;o2a;oiPoi and so oix, 02,01x02 all lie in the same P-class i'ai- 
Then by Lemma 12.51 we obtain that La-^x ni?a2 = {2} contains an idempotent. But 
aiCa2 and (aix, ai) ^ C, so that a2 and e are 7?.-equivalent distinct idempotents, a 
contradiction. 

Therefore qx,y G S U S U (5 ■ I{S)^). In turn, it implies that there at most fc2 
elements qx, where fc2 depends only on S. 

Case 3: oixCoi. 

Then in particular we have xCoi and x is an idempotent. Hence oix = oi, 
02x01 = 02, . . . , Ofcxoi = Ok- Therefore qx = oT' • • Ofc- 

So, from Case 3 it follows that Tii- ■ -Tlk is uniquely determined by t(7ii- ■ -TTk) 
and qx-s with x G 5 such that {oix, oi) ^ C. Thus from Cases 1 and 2 we have 

|P2|<|^|-(fcl+fc2)l^l. 

So, P2 is finite and thus Step 3 is established. 
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Step 4: (S) is finite. 

Follows from (S) ^ 7(5) ^U{S\7)U{S\ 7)7 (S) ^ , by Steps 2 and 3. D 

References 

[1] A. J. Cain, V. Maltcev, Automaton semigroups, submitted. 

[2] A. H. Clifford, G. B. Preston, The algebraic theory of semigroups. Vol. I, Mathematical Sur- 
veys, No. 7 American Mathematical Society, Providence, R.I. (1961). 

[3] J. M. Howie, Fundamentals of semigroup theory, Oxford Science Publications. The Clarendon 
Press, Oxford University Press, New York (1995). 

[4] A. Mintz, On the Cayley semigroup of a finite aperidoic semigroup, to appear in Internat. J. 
Algebra and Comput.. 

[5] V. Nekrashevych, Self-similar groups. Mathematical Surveys and Monographs 117 American 
Mathematical Society, Providence, RI (2005). 

[6] P. V. Silva, B. Steinberg, On a class of automata groups generalizing lamplighter groups, 
Internat. J. Algebra Comput. 15 (2005), no. 5-6, 1213-1234. 



